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STRUCTURAL DESIGN PRINCIPLES FOR
DIAGONAL BRACINGS IN TRUSS AND
BEAM SUPPORT SYSTEMS

CROSS-REFERENCE TO RELATED
APPLICATIONS

This application 1s a national stage of International Appli-

cation No. PCT/US2019/063794, filed Nov. 27, 2019, which
claims priority to and benefit of U.S. Provisional Patent
Application Ser. No. 62/772,174, filed on Nov. 28, 2018,

which 1s hereby icorporated by reference herein in its
entirety.

STATEMENT REGARDING FEDERALLY
SPONSORED RESEARCH

This 1nvention was made with government support under
11441352 and 1333985 awarded by the National Science
Foundation. The government has certain rights 1n the inven-
tion.

FIELD OF THE INVENTION

The present mmvention relates generally to a structural
clement, and, more particularly, to a diagonal bracing 1n
beam and truss support systems.

BACKGROUND OF THE INVENTION

Structural bracings are typically used in beam and truss
support systems commonly employed in buildings, bridges,
aerospace applications, automotive applications, and power-
transmission application. Additionally, structural bracings
are Turther used 1n numerous other macro-scale and micro-
scale examples.”

For example, dating back to the 1800s, architects Ithiel
Town and Colonel Long introduced complementary and
simple designs for diagonal bracings in square grid lattices.
Although simple, these early designs have historically
proven to be eflective 1n supporting beam structures. Based
on that early success, there has been very limited research
and little deviation from these old designs in modern engi-
neering structures. As a great disadvantage, 1n present days
the load-carrying capacity of these old designs has reached
its limaits. Thus, for example, weight presently limits strength
and/or height of structures. In another example, weight
limits lengths of structures without support, 1n applications
such as bridges.

Thus, there 1s a need for providing a structural element
that increases strength without increasing weight, and that
prevents or reduces the above and other problems.

SUMMARY OF THE INVENTION

According to one embodiment of the present disclosure,
a structural lattice includes a rectangular base defined by
four periphery beams, and two non-diagonal beams that
divide the rectangular base in four quadrants. The structural
lattice turther includes a diagonal reinforcement strut system
overlaid on the rectangular base and having at least two
intersecting sets of diagonal beams forming an open-and-
closed cell architecture.

According to an implementation of this embodiment, one
of the two intersecting sets of diagonal beams 1s a first set of
diagonal beams, which includes first beam that 1s parallel to
a second beam. According to a configuration of this imple-
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2

mentation, the first beam and the second beam are sym-
metrically positioned over one of the four quadrants.
According to another configuration of this implementation,
another one of the two 1tersecting sets of diagonal beams 1s
a second set of diagonal beams, the second set of diagonal
beams including a respective first beam that 1s parallel to a
respective second beam. According to one example of this
configuration, the first set of diagonal beams intersects the
second set of diagonal beams at a perpendicular angle.
According to another example of this configuration, the
respective first beam and the respective second beam are
symmetrically positioned over one of the four quadrants.
According to an optional aspect of this example, the first
beam and the second beam of the first set of diagonal beams
are symmetrically positioned over a same one of the four
quadrants as the respective first beam and the respective
second beam of the second set of diagonal beams.

According to another implementation of this embodiment,
at least one of the four quadrants 1s an open cell having an
equilateral octagon shape. The equilateral octagon shape 1s
defined by two of the four periphery beams, the two non-
diagonal beams, and four beams of the at least two 1nter-
secting sets of diagonal beams. According to yet another
implementation of this embodiment, the rectangular base
and the diagonal reinforcement strut system form at least a
structural portion of a building, a bridge, an aerospace
structure, an automotive structure, or a power transmission
structure. According to yet another implementation of this
embodiment, the diagonal reinforcement strut system 1is
welded to the rectangular base.

According to another embodiment of the present disclo-
sure, a periodic structural lattice has a plurality of non-
diagonal reinforcing struts forms a base structure of the
periodic structural lattice. The base structure 1s defined by a
base periphery, and the plurality of non-diagonal reinforcing
struts have a first volume of material. The periodic structural
lattice further has a plurality of diagonal reinforcing struts
coupled to the base structure and having a predetermined
cross-sectional geometry that forms open and closed cells
with the plurality of non-diagonal reinforcing struts. The
plurality of diagonal reinforcing struts have positive and
negative slopes relative to the plurality of non-diagonal
reinforcing struts. The plurality of diagonal reinforcing
struts 1s spaced apart at predetermined intervals within the
base periphery and has a second volume material. The first
volume of material and the second volume of maternial are
less than a total volume of the periodic structural lattice that
includes the open and closed cells.

According to one implementation of this embodiment, the
plurality of non-diagonal reinforcing struts have a round
cross-section. According to another implementation of this
embodiment, the plurality of non-diagonal reinforcing struts
have a square cross-section.

According to yet another implementation of this embodi-
ment, the base periphery has four periphery beams forming
a rectangular shape. According to a configuration of this
implementation, the four periphery beams have a round
cross-section. According to another configuration of this
implementation, the four periphery beams have a square
cross-section.

According to yet another implementation of this embodi-
ment, the plurality of diagonal reinforcing struts includes a
first pair of parallel beams and a second pair of parallel
beams. The {first pair of parallel beams intersects the second
pair of parallel beams at a predetermined angle. According
to a configuration of this implementation, the predetermined
angle 1s 90°.
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According to yet another implementation of this embodi-
ment, the positive and negative slopes are formed by per-

pendicularly 1ntersecting pairs of the plurality of non-diago-
nal remforcing struts. According to vyet another
implementation of this embodiment, the base structure and
the plurality of diagonal reinforcing struts form a repeating,
sub-unit of at least a structural portion of a building, a
bridge, a crane, an aerospace structure, an automotive struc-
ture, or a power transmission structure.

Additional aspects of the mvention will be apparent to
those of ordinary skill in the art 1n view of the detailed
description of various embodiments, which 1s made with
reference to the drawings, a brief description of which 1s
provided below.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 shows a planar idealization of a Design A structure.

FIG. 2A shows another illustration of a Design A of a
lattice structure.

FIG. 2B shows a Design B of a lattice structure.

FIG. 2C shows a Design C of a lattice structure.

FIG. 2D shows a Design D of a lattice structure.

FIG. 2E shows an experimental setup (top row) and
deformations (bottom row) for the different Designs A-D
illustrated in FIGS. 2A-2D.

FIG. 2F shows a chart with results from experiments
using the experimental setup illustrated 1n FIG. 2E, as well
as numerical fimite element simulations.

FIG. 3A shows a chart with structural stifiness as a
function of loading angle for diflerent designs.

FIG. 3B shows a chart with effective buckling stress as a
function of loading angle for diflerent designs.

FI1G. 3C shows a buckling mode for Design A at an angle
of 0 degrees.

FIG. 3D shows a buckling mode for Design B at an angle
of 0 degrees.

FIG. 3E shows a buckling mode for Design C at an angle
of 0 degrees.

FIG. 3F shows a buckling mode for Design D at an angle
of 0 degrees.

FIG. 4A shows a chart with an optimal value of critical
buckling load for a varying number of diagonals.

FIG. 4B shows a chart with experimental stress-strain
curves for 3 independently tested samples of Design A,
Optimum Design, and respective simulations.

FIG. SA shows experimental deformation from 3-point
bending applied 1n each of Designs A-D.

FIG. 5B shows a chart with results from an experimental
reaction force vs. an applied displacement with simulations
results overlaid.

FIG. 6A shows dimensions for Design A 1 a circular
cross-section configuration.

FIG. 6B shows dimensions for Design A 1n a rectangular
cross-section configuration.

FIG. 7A shows dimensions for Design C in a circular
cross-section configuration.

FIG. 7B shows dimensions for Design C 1n a rectangular
cross-section configuration.

FIG. 8 1s a table that shows three-dimensional (“3D)
printed samples caliper measurements.

FIG. 9 1s a table that shows 3D printed samples expected
values.

FIG. 10A shows Design A simulation deformation over-
laid with respective experimental results.

FIG. 10B shows Design B simulation deformation over-
laid with respective experimental results.
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4

FIG. 10C shows Design C simulation deformation over-
laid with respective experimental results.

FIG. 10D shows Design D simulation deformation over-
laid with respective experimental results.

FIG. 11 A shows a chart with normalized critical effective

buckling stress for a 3x3 representative-volume element
(“RVE”) finite size structure including a region of first 6
critical modes.

FIG. 11B shows a chart with normalized critical effective
buckling stress for a 10x10 RVE finite size structure includ-
ing a region of first 6 critical modes.

FIG. 12A shows a structure with 1 diagonal and no

separation parameter.

FIG. 12B shows the structure of FIG. 12A with 2 diago-
nals with one separation parameter given by S,.

FIG. 12C shows the structure of FIG. 12A with 3 diago-
nals with one separation parameter S,.

FIG. 12D shows the structure of FIG. 12A with 4 diago-
nals and 2 diagonal separation parameters S, S,.

FIG. 12E shows the structure of FIG. 12A with 5 diago-
nals and 2 separation parameters S,, S;.

FIG. 13 15 a table that shows finite structure buckling load
optimization optimum parameters.

FIG. 14 1s a table that shows infinite structure buckling
load optimization optimum parameters.

FIG. 15A shows an optimal value of critical buckling load
for a varying number of diagonals for an infinite structure.

FIG. 15B shows resulting deformed geometries for opti-
mal infinmite designs, illustrated in FIG. 15A, including
geometries from one to four diagonals.

FIG. 16 A 1s a chart that shows a critical buckling strain for
varying spacing between diagonals and select loading
angles.

FIG. 16B 1s a chart that shows the normalized structural
linear elastic effective stiflness of the geometry as the mass
ratio A 1s varied for select loading angles.

FIG. 16C 1s a chart that shows the critical buckling strain
of the geometry as a mass ratio A 1s varied for select loading
angles.

FIG. 17A 1s a chart that shows normalized linear elastic
cllective stifiness for different designs as a result of a
varying loading angle for a structure with circular cross-
section.

FIG. 17B 1s a chart that shows a critical buckling strain for
the varying loading angle of FIG. 17A for a structure with
circular cross-section.

FIG. 17C 1s a chart that shows results of a nonlinear
simulation with circular cross-section for a finite size struc-
ture matching that of an experimental setup as 1n FIG. 2E.

FIG. 18 A 1s a chart that shows a critical buckling strain for
varying spacing between diagonals for a circular cross-
section geometry for select loading angles.

FIG. 18B 1s a chart that shows the normalized effective
structural stiflness of the circular cross-section geometry of
FIG. 18A, as the mass ratio A 1s varied for select loading
angles.

FIG. 18C 1s a chart that shows a critical buckling strain of
the circular cross-section geometry of FIG. 18 A, as the mass
ratio A 1s varied for select loading angles.

FIG. 19A shows a chart with simulation results for a
3-point bend test.

FIG. 19B shows a schematic 1llustrating deformation of
cach geometry at the displacement provided at the end of the
plot illustrated in FIG. 19A.

FIG. 19C shows simulation results of a distributed load
test.
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FIG. 19D shows a schematic illustrating deformation of
cach geometry at the displacement provided at the end of the

plot illustrated in FIG. 19C.

FIG. 20A shows a chart with simulation results for a
simple cantilever beam point bend test.

FIG. 20B shows a schematic illustrating deformation of
cach geometry at a displacement provided at the end of the
plot illustrated 1n FIG. 20A.

FIG. 20C shows a chart with simulation results of a
distributed load cantilever beam test.

FIG. 20D shows a schematic illustrating deformation of

cach geometry at a displacement provided at the end of the

plot illustrated in FIG. 20C.

FIG. 21A shows a chart with simulation results for a
simple slender structure compression test.

FIG. 21B shows a schematic illustrating deformation of
cach geometry at a displacement provided at the end of the

plot illustrated in FIG. 21A.

FIG. 21C shows a chart with plot quantitative results of a
distributed load throughout every level of the structure
associated with FIG. 21B.

FIG. 21D shows a schematic 1llustrating deformation of
cach geometry at a displacement provided at the end of the
plot illustrated in FIG. 21C.

FIG. 22A 1s a schematic illustrating a first mstance of a
diagonal spacing variance surveyed during an optimization
for a lattice design.

FIG. 22B 1s a schematic illustrating a second instance of
a diagonal spacing variance surveyed during the optimiza-
tion of the lattice design of FIG. 22A.

FIG. 22C 1s a schematic illustrating a third instance of a
diagonal spacing variance surveyed during the optimization
of the lattice design of FIG. 22A.

FI1G. 22D 1s a schematic illustrating a fourth instance of
a diagonal spacing variance surveyed during the optimiza-
tion of the lattice design of FIG. 22A.

FIG. 22F 1s a schematic illustrating a fifth instance of a
diagonal spacing variance surveyed during the optimization
of the lattice design of FIG. 22A.

FIG. 22F 1s a schematic illustrating a sixth instance of a
diagonal spacing variance surveyed during the optimization
of the lattice design of FIG. 22A.

FIG. 22G 15 a schematic 1llustrating a seventh instance of
a diagonal spacing variance surveyed during the optimiza-
tion of the lattice design of FIG. 22A.

FI1G. 22H 1s a schematic illustrating an eighth instance of
a diagonal spacing variance surveyed during the optimiza-
tion of the lattice design of FIG. 22A.

FIG. 221 1s a schematic illustrating a ninth 1nstance of a
diagonal spacing variance surveyed during the optimization
of the lattice design of FIG. 22A.

FIG. 23A 1s a schematic illustrating a first mnstance of a
mass ratio variance surveyed during the optimization of the
lattice design of FIG. 22A.

FIG. 23B 1s a schematic illustrating a second instance of
a mass ratio variance surveyed during the optimization of
the lattice design of FIG. 22A.

FIG. 23C 1s a schematic illustrating a third instance of a
mass ratio variance surveyed during the optimization of the
lattice design of FIG. 22A.

FIG. 23D 1s a schematic illustrating a fourth instance of
a mass ratio variance surveyed during the optimization of
the lattice design of FIG. 22A.

FIG. 23E 1s a schematic illustrating a fifth instance of a
mass ratio variance surveyed during the optimization of the

lattice design of FIG. 22A.
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FIG. 23F 1s a schematic illustrating a sixth instance of a
mass ratio variance surveyed during the optimization of the

lattice design of FIG. 22A.

FIG. 23G 15 a schematic illustrating a seventh instance of
a mass ratio variance surveyed during the optimization of
the lattice design of FIG. 22A.

FIG. 23H i1s a schematic illustrating an eighth instance of
a mass ratio variance surveyed during the optimization of
the lattice design of FIG. 22A.

FIG. 231 1s a schematic illustrating a minth instance of a
mass ratio variance surveyed during the optimization of the
lattice design of FIG. 22A.

FIG. 24A 1s a schematic showing a first compression of a
first lattice design.

FIG. 24B 1s a schematic showing a second compression of
the first lattice design of FIG. 24A.

FIG. 24C 1s a schematic showing a third compression of
the first lattice design of FIG. 24A.

FIG. 25A 1s a schematic showing a first compression of a
second lattice design.

FIG. 25B 15 a schematic showing a second compression of
the second lattice design of FIG. 25A.

FIG. 25C 1s a schematic showing a third compression of
the second lattice design of FIG. 25A.

FIG. 26A 1s a schematic showing a first compression of a
third lattice design.

FIG. 26B 1s a schematic showing a second compression of
the third lattice design of FIG. 26A.

FIG. 26C 1s a schematic showing a third compression of
the third lattice design of FIG. 26A.

FIG. 27A 1s a schematic showing a first compression of a
fourth lattice design.

FIG. 27B 1s a schematic showing a second compression of
the fourth lattice design of FIG. 27A.

FIG. 27C 1s a schematic showing a third compression of
the fourth lattice design of FIG. 27A.

While the invention 1s susceptible to various modifica-
tions and alternative forms, specific embodiments have been
shown by way of example 1n the drawings and will be
described 1n detail herein. It should be understood, however,
that the invention 1s not intended to be limited to the
particular forms disclosed. Rather, the imnvention 1s to cover
all modifications, equivalents, and alternatives falling within
the spirit and scope ol the ivention as defined by the
appended claims.

DETAILED DESCRIPTION

While this mvention 1s susceptible of embodiment 1n
many different forms, there 1s shown 1n the drawings and
will herein be described 1n detail preferred embodiments of
the mvention with the understanding that the present dis-
closure 1s to be considered as an exemplification of the
principles of the mvention and 1s not intended to limit the
broad aspect of the invention to the embodiments 1llustrated.
For purposes of the present detailed description, the singular
includes the plural and vice versa (unless specifically dis-
claimed); the words “and” and “or” shall be both conjunc-
tive and disjunctive; the word “all” means “any and all”; the
word “any” means “any and all”’; and the word “including”™
means “including without limitation.”

Referring to FIG. 1, a planar idealization illustrates a
periodic structural lattice 100 that has a base square-grid 102
defined by four periphery beams 104a-104d, which form a
peripheral edge of the structural lattice 100. The base
square-grid 102 further has two non-diagonal beams 1064,
1065 that intersect each other perpendicularly at midpoints
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of respective periphery beams 104a-1044d such that the base
square-grid 102 has four open base-cells 108a-108d. In this
example, the open base-cells 108a-108d are square shaped
and are equal to each other. The non-diagonal beams 1064,
1065 have a non-diagonal thickness T,,, and the open
base-cells 108a-108d each have a cell length L. According
to one example, the non-diagonal beams 106a, 1065 are
reinforcing struts having a first volume material, and are part
ol a structural portion, such as a building, a bridge, a crane,
an aerospace structure, an automotive structure, or a power
transmission structure. For clarity, the four periphery beams
104a-104d are also considered to be non-diagonal beams.

Structurally, the base square-grid 102 1s overlaid with a
diagonal remnforcement strut system, which includes at least
two intersecting sets of diagonal beams 112, 114 forming an
open-and-closed cell checkerboard-like architecture. A first
set of diagonal beams 112 has a pair of parallel beams that
includes a first beam 112aq and a second beam 11256. A
second set of diagonal beams 114 has a respective pair of
parallel beams that include a first beam 114a and a second
beam 114b. Each diagonal beam 112, 114 has a diagonal
thickness T, ; and 1s spaced at a diagonal spacing S.

The design of the structural lattice 100 1s a new, more
material-ethicient design, for diagonal bracings in beam and
truss support systems commonly employed i buildings,
bridges, acrospace, automotive, cranes, and power transmis-
sion applications. In addition, other applications of the
structural lattice 100 include numerous other macro-scale
and micro-scale examples, as at least some advantages of the
present disclosure are independent of the selection of mate-
rial or scale of respective structure.

With the implementation of this new design, the respec-
tive structure’s strength (through buckling resistance) i1s
increased by approximately 30% over currently used engi-
neering designs. In addition to theoretical and numerical
simulation, the disclosure below describes constructed
designs that were mechanically evaluated to demonstrate
significant advantages over their traditionally used engineer-
ing counterparts (for example, as illustrated 1n FIGS.
3A-3F).

The structural lattice 100 introduces a double diagonal
support system in which the alignment of S/ (diagonal
spacing/cell length) 1s such that all lengths of the beams
106a, 1066 create an equilateral octagon for the squares
108a, 1084 that do not contain diagonal beams. Although
some ol the examples described below 1llustrate the thick-
ness of the diagonals T, , being half of the thickness of the
non-diagonals T, ,, the thicknesses illustrate only one
example of the mass allocation possible for the disclosed
lattice design.

The structural lattice 100 1s beneficial at least because,
while only slightly increasing design complexity, it obtains
a stronger and more robust lattice structure while using the
same volume of material. One exemplary application for the
structural lattice 100 1s to build taller, more slender struc-
tures, such as high-rise buildings. In this application, the
weight of the support structure 1s typically a limiting factor
as how tall a high-rise can be built. Re-allocating the mass
of the structural lattice 100, the same amount of material
used 1n typical engineering now provide a significantly
higher strength using the design principles of this disclosure.

The design configurations of this disclosure for the struc-
tural lattice 100 are generally advantageous over previous
design configuration, and would have been considered coun-
terintuitive 1n accordance with previous design thought for
several reasons. For example, according to previous design
configurations, the structural lattice 100 would have been

10

15

20

25

30

35

40

45

50

55

60

65

8

considered to contain additional material, and, thus, would
not have been considered to be economically advantageous.
As such, the previous design configuration would have
allocated additional material to existing truss elements. In
contrast to the previous design configurations and previous
design thought, advantageously, the structural lattice 100
does not contain additional material and 1s economically
advantageous.

According to another example of a previous design con-
figuration, it has been previously widely accepted that
triangular lattices provide a strong mechanism for stability.
In contrast to previous triangular lattices, advantageously,
the structural lattice 100 designs of the present disclosure
include non-triangular elements (thus, rendering the pres-
ently disclosed designs as undesirable based on previous
design thought).

According to yet another example of a previous design
configuration, very little attention has been devoted to
buckling strength of lattices. Much of previous constriction
code 1s kept well under the buckling strength of a design.
Instead, a lot of attention has been previously devoted to the
stiflness of a structure. In addition to focusing on stiflness,
advantageously, the present disclosure focuses on the buck-
ling strength of a design.

Referring generally to FIGS. 2A-2F, different designs
A-D are considered in the analysis disclosed below. Each of
the designs A-D illustrated 1n FIGS. 2A-2D are varniations
based on the structural lattice 100 described above. Refer-
ring to FIG. 2E, an experimental setup shows 0% applied
strain (top row) and 6% applied strain (bottom row) to a
representative model for each of the four designs A-D.
Referring to FIG. 2F, experimental (solid lines) stress-strain
curves for 3 independently tested samples of each design are
shown, as well as the overlaid numerical (dashed lines)
non-linear results. The close agreement between the experti-
mental and numerical results convey that the model 1s
accurately capturing the physical behavior observed experi-
mentally.

To understand mechanical benefits of the disclosed struc-
tural architecture, the performance of a disclosed design 1s
compared to that of three other two-dimensional (*2D”)
lattices, all based on a square architecture with edge lengths
L. and comprising struts with rectangular cross-sections and
depth H large enough to avoid any out-of-plane deformation.
More specifically, the comparison 1s made relative to Design
A, Design B, Design C, and Design D. Design A, which 1s
illustrated 1n FIG. 2A, and includes horizontal and vertical
elements with thickness T, ,, /0.1 LL and two sets of parallel
double diagonals with thickness T, ~0.05 L located at a
distance S=L/(V2+2) from the nodes (as illustrated in FIG.
2A). Design B, which 1s 1llustrated 1n FIG. 2B, 1s similar to
Design A but only contains a single diagonal with thickness
T'5 /0.1 L crossing each of the closed cells. Design C,
which 1s 1llustrated 1n FIG. 2C, 1s similar to bracings found
in modern structural engineering and contained a crossed set
of diagonal beams with thickness 1., ~0.05 L 1n every cell.
Lastly, Design D, which 1s illustrated in FIG. 2D, has no
diagonal reinforcement and horizontal and vertical elements
with thickness T, /0.1 L(1+1/V2). All four designs share
the same total volume and that for Designs A, B, and C the
ratio between the volume of the diagonals and non-diagonals
struts 1s 1dentical.

The mechanical response under uniaxial compression 1s
compared along the vertical elements of the four lattices
described above 1n reference to Designs A-D. Samples with
6x6 tessellations of square cells with L=1.5 cm and H=4 cm
are Tabricated with a Connex500 multi-material 3D printer
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(Stratasys, Eden Prairie, Minn., United States) from a Shore
A 95 durometer digital elastomer (FLX9795-DM) and are
compressed uniaxially using a single axis Instron (Model
5969) with a S0 kN load cell (as 1llustrated in FIG. 2E). Two
key features emerge from the stress-strain curves reported in
FIG. 2F. First, all designs with diagonal reinforcement (i.e.,
Designs A-C) are characterized by a nearly i1dentical mitial
clastic response, indicating that the different diagonal rein-
forcement designs do not mmpact the structure’s nitial
overall stiflness. Design D, as expected, exhibits a higher
initial stifiness because of 1ts thicker vertical and horizontal
elements. Second, all curves show a clear maximum load
bearing capacity, with Design A accommodating the highest
load. Because such maximum corresponds to the onset of
buckling, 1t 1s inferred that Design A displays the highest
critical buckling stress between the considered designs.
Furthermore, as illustrated in FIG. 2E, 1 all three designs
with diagonals the post-buckling behavior results 1n a homo-
geneous pattern transformation throughout the sample. Dii-
terently, for Design D the critical mode has a much larger
wavelength than the size of a square unit cell and results in
a post-buckled shape qualitatively similar to that of a
compressed buckled beam.

As shown 1n FIG. 2F, close agreement exists between the
numerical and experimental results, confirming the accuracy
of the analyses. Next, the finite element model 1s extended
to explore the eflect of additional loading direction.

Referring generally to FIGS. 3A-3F, a structure mechani-
cal response 1s 1llustrated. F1G. 3A shows a chart with the
structural stiflness for the diflerent designs as a function of
loading angle. The chart 1s generated using periodic infinite
RVE arranged 1n a 10 by 10 umit with periodic boundary
condition. FIG. 3B shows a chart with effective buckling
stress for a finite (non-periodic) 10 by 10 unit-cell structure.
FIGS. 3C-3F show a buckling mode for Design A-D at 0°
loading angle. A 10x10 unit cell periodic structure 1s used to
capture the macroscale behavior of Design D.

In FIG. 3A, the evolution of the effective stiflness, E, 1s
reported as a function of the loading angle 0. The stiflness
of all structures containing diagonal reinforcement 1s virtu-
ally 1dentical for any loading angle, further confirming that
the structural stiflness 1s nearly entirely governed by the
amount of matenal allocated along the loading direction. As
a result, Design D, 1n which all of the material 1s allocated
to the non-diagonal elements, has the highest stiflness for
0=0°, but has almost negligible load-bearing capacity for
0=435°, where the only contribution to 1ts stiflness comes
from the minimal bending resistance of the joints.

Next, the effect of 0 on the buckling behavior of Designs
A-D 1s mvestigated. The effective critical buckling stress (
o) of Design A is higher than the other diagonally rein-
forced designs (namely Design B and Design C) for all
values of 0 (FIGS. 3D and 3E).

Having demonstrated the benefits of Design A compared
to Designs B-D, a question 1s whether there exists a different
diagonally remnforced square lattice design with even higher
critical buckling stress. To answer this question, an optimi-
zation problem identifies the number of diagonals, N, their
distance from the nodes of the square lattice S1 (with 1=1, 2,
. . ., N), as well as the ratio between diagonal and
non-diagonal elements A=V _/V , (V. ., and V , being the
volume of the non-diagonal and diagonal elements, respec-
tively) that result 1n the highest buckling stress. Particularly,
finite size structures are considered that are composed of 3x3
RVEs and that focus on uniaxial compression parallel to the
non-diagonal elements (1.e. 0=) 0° while constraining the
total volume of the RVE to match that of the designs
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considered in FIGS. 2A-2F. The objective function =0 _,
1s maximized using finite element simulations. For each set

of mnputs 1dentified by optimization algorithm, a finite ele-
ment buckling analysis is conducted to obtain o_. and,
therefore, evaluate the objective function Z. Note that seven
separate optimizations are conducted, each considering a
fixed 1integer number of diagonal elements N, ranging from

one to seven (N=4Z &[1, 7]). Based on the high strength of
lattices reinforced by diagonals aligned at a 45°, in all the
runs 1t 1s assumed that all diagonals are oniented at 45° with
respect to the non-diagonal members and that V ,and V_ , are
distributed equally among the diagonal and non-diagonal
clements, respectively. Furthermore, to ensure the symme-
try, 1t 1s assumed that S, =S, (1=1, 2, ..., N/2) 1t N 1s an
even number and S,=0 and S, ,=S,, (1=2, 3, (N-1)/2) for off
values of N.

Referring generally to FIGS. 4A and 4B, charts shows
critical buckling load optimization results. Referring spe-

cifically to FIG. 4A, a chart shows the optimal value of
critical buckling load for varying number of diagonals.
Geometries 1n this optimization analysis are defined to
match that of the experimental setup 1n order to optimize a
realistic structure found 1n modern lattice applications. The
shade for each point in this graph represents the optimal
mass ratio A parameter output by the optimization algorithm
for that configuration.

Referring specifically to FIG. 4B, a chart shows the
experimental (solid lines) stress-strain curves for 3 indepen-
dently tested samples of each design, as well as the overlaid
numerical (dashed lines) non-linear results comparing both
Design A and the Optimization Design. In FIG. 4B, the
Optimization Design has proven slightly better than Design
A. Additionally, the chart of FIG. 4B shows the highest o_,
identified by the optimization algorithm for all considered
number of diagonals N. Remarkably, 1t 1s determined that the
highest ., is only 9.55% higher than that of Design A and
occurs for a design similar to Design A (with two diagonals
located at a distance S,=S,=0.1800 L from the nodes and
volume 1s distributed so that A=0.6778). As such, this
numerical prediction, which 1s validated by experimental
results (1llustrated in FIG. 4B) indicates that Design A 1s
exceptionally close to that providing the highest critical
Stress.

Referring generally to FIGS. 5A and 5B, an experiment
provides bridge loading experimental and numerical results.
The experimental results are from 3-point bend testing of 11
cell (5.5 unit cell) array aligned horizontally. In FIG. 5A, the
detormation of the structure at o, ,,/1.=0.45 1s 1llustrated for
cach of the four Designs A-D. In FIG. 3B, a chart shows the
experimental reaction force vs. applied displacement and 1ts
equivalent nonlinear finite element result.

However, the superior mechanical performance of Design
A 1s not limited to this loading condition. To demonstrate
this 1mportant point, in FIGS. 5SA and 5B results are pre-
sented for tessellation of 11x2 square cells loaded 1n 3-point
bending. Both experiments and finite element simulations
indicate that Design A 1s stifler and can withstand higher
loads by approximately 13% over a larger range of applied
displacements, illustrating the potential benefit of incorpo-
rating such design in suspended structures. Finite element
simulations are further used to evaluate the performance of
Designs A-D 1 5 other loading regimes with results 1den-
tified in FIGS. 19A-21D. For all of the loading cases
considered, it 1s found that Design A 1s able to withstand
significantly higher loads than any of the other structures—
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making 1t the best candidate to realize load bearing struc-
tures for a variety of applications.

Design A 1s experimentally compared to other common
diagonally reinforced square lattices (Design B-C) and to the
non-diagonally reinforced lattice (Design D), all with the
same total mass. It 1s determined, based on the comparison,
that Design A provides a superior mechanism for withstand-
ing uniaxial loads prior to the onset of buckling. Further-
more, by simulating these designs using finite element
analysis Design A has proven superior buckling performance
not only 1n uniaxial compression but also 1n every other
possible loading direction. Additionally, by using optimiza-
tion tools to survey the design space it 1s determined that
Design A 1s nearly 1dentical to the design providing the
highest critical stress under uniaxial compression. Finally,
by expanding the numerical simulations, a wide spectrum of
loading conditions are analyzed and Design A proves to
maintain robustness for a large number of conditions con-
sidered. Therefore, the results presented here indicate that by
intelligently allocating material within a square lattice, a
structure 1s achieved that 1s at least 13% stronger without the
need for adding more material or reduce its stiffness. The
mechanical properties of Design A has the implication to
improve square lattice designs found in modern 1nfrastruc-
ture such as bridges and buildings, as well as small scale
lattice applications.

Design Examples

In this study, four different lattice configurations (Designs
A, B, C, and D) are constrained to deform in an in-plane
setting only. In an effort to conduct a fair performance
comparison between the different designs, all four lattices
are characterized by containing the same total volume of
material and a fixed volume ratio between non-diagonal and
diagonal elements. Two different shapes are considered for
the cross-section of the struts: circular and rectangular. For
the circular cross-section case, the diameters are D, , and
D, ; of the non-diagonal (1.e. horizontal and vertical) and
diagonal struts 1n the a-th design, respectively, and out-oi-
plane buckling 1s neglected. For the rectangular cross-
sections, the depth H and in-plane thickness T, ,,, and T, ,
are selected to avoid out-of-plane deformation (1.e., the
depth over thickness ratio 1s selected to be sufficiently large).
Finally, 1t 1s important to note that the slenderness of the
non-diagonal members 1n the o-th design €[A, B, C] 1s
chosen as

(S1)

0,
I

and

1on

e _ 0.1,
T

for the case of circular and rectangular cross-section. The
disclosure below further describes 1n detail the unit cells for
four different designs, and provides the dernivations for each
geometry cross-section characteristics.

Referring generally to FIGS. 6A and 6B, a unit cell 1s
1llustrated for Design A. This design consists of a square grid
reinforced by a double diagonal support system. FIG. 6A
shows dimensions of this design considering a circular
cross-section, and FIG. 6B shows dimensions of this design
considering a rectangular cross-section. In both cases, the
horizontal and vertical non-diagonal struts have a total
length 2L, in which L1=L2 and all S;=S. For FIG. 6A,

considering a circular cross-section, the non-diagonal diam-
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eter 1s denoted as D, ,,, and 1t 1s assumed that D, ,,,/1.=0.1,
and the diagonal elements have a diameter D, =2D, , .. For
FIG. 6B, considering a rectangular cross-section, the non-
diagonal thickness 1s denoted as T, , , and 1t 18 assumed that
T, ,./1.=0.1, and the diagonal elements have a thickness
T, ,./~2T, , For all rectangular cross-section elements, the
depth H 1s assumed to be equal and large enough to constrain
any out-of-plane deformation.

Design A consists of a square grid reinforced by a double
diagonal support system (as 1llustrated in FIGS. 6A and 6B).
As for the case of Design A, the diagonal elements are
assumed to form an octagonal opening on every other cell,
so that they intersect the horizontal and vertical struts at a
distance AL=L/(\/7+2) from the nodes, where L denote the

length of the vertical/horizontal struts.

CIRCULAR CROSS-SECTION—If 1t assumed that the
cross-section of all struts 1s circular, the projected area and
volume for the non-diagonal (A, ,,,and V, . ,) and diagonal
(A, 4 and V, ;) members 1s given by

Ayng = 8LD 4 445 (52)

D% . (S3)

AA,Q’ = S‘JELDA#; (84)
and

Did (55)

Vad ==81J§E:ﬂ“—gr—'==21J§LLHIJ§JP

Because the projected area ratio of the non-diagonal to
diagonal elements 1n Design A has been measured to be

A 4 g (56)

Aq4q

=14;

by substituting eq. (S2) and eq. (S4) into the equation above
it 1s determined that for Design A

D.,.=1.4V2D, =2D, .. (S7)

Substitution of eq. (S7) 1nto eq. (S3) and eq. (SJ) yields

VA,Hd QLHD?ﬁi',Hd zﬁ (88)
Viaa 2402 LaD?
and
1 (S9)
Var = Vapa + Vg =20L(D% 4 + \5[«% i) = 2nLD7 na’[l + ‘\/— ]5
j ’ j 242

where V, + indicates the total volume of the unit cell for
Design A.

Finally, 1t 1s important to note that i1n this study Design A
1S used as the base model, and thus constrain the total
volume of all the other unit cell designs with circular
cross-section to be equal to that of Design A, namely,

: 1 (S10)
de + Vmﬁaf = VA,T = ZHLDAde 1 + ;
242

with o=B, C and D. For Designs B and C, which include

diagonal elements, the volume ratio of the non-diago-
nal to diagonal elements 1s constrained to be the same
as 1n Design A
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(S11)

with a E B and C.

RECTANGULAR CROSS-SECTION—If 1t 1s assumed
that the cross-section of all struts 1s rectangular, the pro-
jected-area for the non-diagonal (A, ,,,) and diagonal (A, ,)
members 1s given by

An pi=SLT (S12)
and
A, =8\N2IT, , (S13)

where T, ,, and T, , are the non-diagonal and diagonal
in-plane strut thickness for Design A, respectively.
Because for Design A A, /A _=1.4, it follows that

(S14)

TA ,HdzzTA,.{f‘

Finally, also for the case of rectangular cross-section
Design A 1s the base model, and thus the total volume 1s
constrained of all the other unit cell designs with rectangular
cross-section to be equal to that of Design A, namely,

1 (S15)
quj;r = de + V&jna’ = SLH(TAﬁd + ﬁTA,D) = SLHTI,;;’HQI[]. + —];

V2

with ae B, C and D. Moreover, for Designs B-C, which
include diagonal elements, the volume ratio of the
non-diagonal to diagonal elements 1s constrained to be
the same as 1n Design A,

(S16)

with e B and C.

Referring generally to FIGS. 7A and 7B, a unit cell 1s
1llustrated for Design C. This design consists of a square grnd
with all cells being reinforced by diagonal trusses passing
through the nodes. FIG. 7A shows dimensions of this design
considering a circular cross-section, and FIG. 7B shows
dimensions of this design considering a rectangular cross-
section. In both cases, the horizontal and vertical non-
diagonal struts have a total length 2L, with 1.1=1.2. For FIG.
7A, considering a circular cross-section, the non-diagonal
diameter 1s denoted as D, , and, as with Design A, it 18
assumed that D, /1.=0.1, and the diagonal elements have a
diameter D =D, /2. For FIG. 7B, considering a rectan-
gular cross-section, the non-diagonal thickness 1s denoted as
T, and 1t 1s assumed that T, /1.=0.1, and the diagonal
elements have a thickness T ,,,=2T. ,. For all rectangular
cross-section elements, the depth H 1s assumed to be equal
and large enough to constrain any out-of-plane deformation.

CIRCULAR CROSS-SECTION—For this design with
circular cross-section, the volume of the non-diagonal and
diagonal members of the unit cell are given by:

Vena= VA,HJZZLEDA,MZ (525)
and
Veu=Va =2N2LaD, 7, (S26)
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respectively. Using the constraints provided by eq. (S10) and
eq. (S11), the following formulas are obtained:

Dend =D g4, (327)
and

Des 1 (S28)
Dcpa 2

RECTANGULAR CROSS-SECTION—For this design

with circular cross-section, the volume of the non-diagonal
and diagonal members of the unit cell are given by

Vend=8LT ¢ il (S29)
and
Ve ~8VZLT . H. (S30)

Using the constraints provided by eq. (S15) and eq. (§16),
as well as the above volumes, the following formulas are
obtained:

T, d:2ch " (S31)
and
Tcna=Tana (532)

Referring to FIG. 8, a table shows caliper measurements
averaged over the three separate 3D specimens tested for
each design. The units provided are in [mm] and [kg], for
lengths and weights, respectively. Because these are square
samples, there are 2 overall sample lengths provided, one
that 1s along the testing direction and one that i1s perpen-
dicular to the testing direction. Measurements are made at
both along the top face as well as the bottom face of the
structure. As expected, the top face dimensions are generally
smaller than the bottom face due to 3D printing layer
depositions. All measurements are conducted prior to testing
the samples.

Referring to FIG. 9, a table provides the expected baseline
measurements. These are the defined parameters for the 3D
printed geometries. The units provided are in [mm] for all
lengths.

Testing

Each of the specimens 1s 3D printed using a Conex3500
multi-material 3D printer. Each of the specimens 1s printed
1n parallel along with the print-head direction as to minimize
material anisotropy between specimens. During the fabrica-
tion process, a photosensitive liquid precursor (the 3D
printer 1nk) 1s deposited 1n a voxel-by-voxel fashion. The 3D
printed specimens are placed individually on an Instron
53969 with standard compression plates on a 50 kIN load cell.
While similar results are obtained regardless of whether the
models are loaded parallel or perpendicular to the print
direction, for experimental consistency all tests are per-
formed with models oriented parallel to the print direction.

Referring to FIGS. 10A-10D, a deformation 1s overlaid
with experimental results. Specifically, FIGS. 10A-10D
show the deformed finite element results overlaid on top of
pictures taken of the deformed experimental specimen. The
close agreement between the experiments and simulations
suggests that the finite element simulations are accurately
capturing the physical deformation of the specimens.

Referring to FIGS. 11A and 11B, charts show results of a
finite size geometry square cutting. FIG. 11A shows the
normalized critical effective buckling stress for a 3X3 RVE
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finite size structures for all loading angles. FIG. 11B shows
the normalized critical effective buckling stress for a 10x10
RVE finite size structures for all loading angles. The shaded
part in FIGS. 11A and 11B represents the lowest 6 buckling
modes range. Both of these plots provide a clear indication
on the superior performance of Design A when comparing to
Designs C-D.

Optimization Analysis

In an effort to 1dentify lattice configurations resulting in
large critical loads, a Python implementation was used of the
Covariance Matrix Adaptation Evolution Strategy (CMA-
ES). CMA-ES 1s an evolutionary algorithm that 1s used to
solve optimization/inverse problems by iteratively solving
several forward problems to adjust a covariance matrix of
the solution. Since 1t 1s a derivative free algorithm, CMA-ES
1s well suited for optimization problems of high dimension-
ality and non-linear parameter topology, such as the
examples disclosed 1n the present disclosure.

Referring generally to FIGS. 12A-12E, a schematic
depicts separation parameters for optimization analysis. This
schematic shows the separation parameters for optimization
geometry at different levels of complexity, up to five diago-
nals with distances are denoted by S,. FIG. 12A shows the
structure with 1 diagonal and no separation parameter. FIG.
12B shows the structure with 2 diagonals with one separa-
tion parameter given by S;. FIG. 12C shows the structure
with 3 diagonals with one separation parameter S,. FIG.
12D shows the structure with 4 diagonals and 2 diagonal
separation parameters S,,S,. FIG. 12E shows the structure
with 5 diagonals and 2 separation parameters S,, S,. For
each set of even diagonals, the distance S, 1s the same from
the center for both sides.

In this study CMA-ES 1s used to identify

the number of diagonals, N;

the volume ratio of non-diagonal to diagonal members,

A=V__/V ;: and
the separation between each even set of diagonals, S, (see
FIG. S14).

The result 1s a lattice structure with the largest critical
load. For such optimization problem, the number of opti-
mization variables increases with the number of diagonals
incorporated 1n the model (1.e. the total number of param-
eters are 1+7A(N—(N mod 2)) for a given optimization
instance with N number of diagonals). Note, for simulations
with odd number of diagonal reinforcements, only an even
number of diagonals are separated while keeping one diago-
nal going through the non-diagonal junction 1n order to
ensure geometry symmetry (as illustrated in FIGS. 12A-
12E).

The algorithm’s 1nitial values are chosen to be in the
center of the design space, namely, A=1 and diagonal sepa-
ration for the even set of diagonals S =0.5*L.. The covariance
matrix 1s 1mtialized uniformly with standard deviation (G)
half of the domain space, which are normalized to remain
between 0 and 1. The optimization 1s run for umaxial loading
condition 1n the direction parallel to the vertical elements.

For the optimization results described above, the critical
buckling load of a finite size structure 1s maximized using a
single objective target function. However, an equivalent
analysis 1s performed to maximize the critical buckling
stress (1llustrated in FIGS. 15A-15B) of an infinite periodic
structure as the target response. The resultant parameter
values from the optimization for the finite size structure
presented 1n FIGS. 4A-4B can be found in FIG. 13. The
resultant parameter values from the optimization for infinite
periodic optimization are identified in the table of FIG. 14
for the stress optimization.
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Referring to FIG. 13, a table shows optimization of a finite
structure buckling load. Specifically, the table shows output
parameters from the analysis necessary to construct each
optimum structure.

Referring to FIG. 14, a table shows optimization result
parameters of a buckling load for an 1nfinite periodic struc-
ture. Specifically, the table shows output parameters from
the analysis necessary to construct each optimum structure.

Referring to FIGS. 15A and 15B, critical buckling load
optimization results are illustrated for an infinite periodic
structure. FIG. 15A shows the optimal value of cntical
buckling load for a varymg number of diagonals. For all
simulations, the total mass of the structure 1s maintained
constant while the mass-ratio 1s allowed to vary. Further-
more, the diagonal separation for each pair of even diagonals
1s allowed to vary together ensuring half symmetry of the
structure at all times. The optimization 1s run under a
umaxial loading condition. The shade of each point repre-
sents the optimal mass ratio A parameter for that configu-
ration. FIG. 15B shows the resulting deformed geometries
for designs 1ncluding one to four diagonals. The shaded
areas 1n each structure represent the scale-less deformed
displacement as a result of buckling.

MASS RATIO DERIVATION FOR ARBITRARY NUM-
BER OF DIAGONALS—To parameterize the numerical
model, a determination 1s made how to allocate mass
between diagonals and non-diagonals when the number of
diagonals 1s 1mncreasing. To obtain this derivation, a number
of 1nitial assumptions are made, namely:

in-plane geometry 1s uniform, the i-sectional dimension

H 1s a constant;
all diagonals elements have the same dimension;
all non-diagonal elements have the same dimension; and

area of overlapping beam crossing 1s negligible and

unaccounted.

To begin this analysis, the individual total volume of the
non-diagonal and diagonal members 1s computed as

Vi 530
L;I = 87,4; and ( )
V4 (S40)
— = 4'\}2 NT
LH d

In the above equations, H 1s the 1in-plane thickness dimen-
sion, and N 1s the number of diagonals considered. Using
this information, the total volume of the entire unit cell
structure V. 1s computed, namely:

Ve Vg Va (541)
— = —Z = 8T,y + V2 NT,
LH LH LH a + V2N
Thus, the mass ratio 1s rewritten as:
Ve N2 T (542)

A = —
Va

NT;

Using eq. (S41), the following expression 1s obtained:

Vi

1
- N4\E(LH

(S43)

14 —4Tﬂd).
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Using eq. (S42), the following expression 1s obtained:

ANT,

5

S44
T = (544)

Inserting eq. (S43) into eq. (S44) the following equation
1s obtained:

1 A Vr
81+ ALH

(545)

Tna’

Using this and the equation for k, the expression for D , 1s
obtained, namely:

(546)

V2 1,

8 N(1+A)LH

Ty =

Using Design A as a reference, the total volume V 1s
determined. Specifically, the following 1s used:

7,.~01L & T,=T, /2=0.05L (547)

to solve for

Vr (348)
L _0.8L+04+2 L.
LH "

Thus 1nserting this into eq. (S46) and eq. (S453), the
following 1s obtained:

1A
4=
. 1
d‘@N(lM)(

(549)

T, 0.2L + 0.14/2 L); and

(S50)

0.2L +0.142 L),

Parameter Exploration

To survey the design space of the double diagonal con-
struction, parametric simulations are explored for 2 vari-
ables: diagonal separation and mass ratio. For each of these
separate analyses, the Design A geometry 1s maintained as
the base geometry and only the respective variable 1s varied.

Referring generally to FIGS. 16A-16C, charts show plots
for rectangular cross-section parameter exploration. For
each of these plots, a single parameter 1s varied while
maintaining the base Design A geometry constant. The
dashed vertical line indicates Design A’s value for that
parameter. FIG. 16A shows the critical buckling strain for
varying spacing between diagonals. FIG. 16B shows the
structural stiffness of the geometry as the mass ratio A is
varied. FIG. 16C shows the critical buckling strain of the
geometry as the mass ratio A is varied.

RECTANGULAR CROSS-SECTION—This section
shows the results when using a rectangular cross-section for
the truss members. From FIG. 16A, 1t 1s apparent that there
exists an optimum for the diagonal separation that occurs
when the spacing between diagonals are approximately 0.2
of the horizontal distance between verfical struts. This
optimum value also persists when varying the loading angle.
From FIG. 16B, 1t can be seen that the linear stiffness 1s
symmetrically and almost purely dependent on the mass
ratio allocated to diagonal versus non-diagonal elements.
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Comparing this figure to FIG. 18B, 1t 1s determined that even
the design cross-section does not change the linear stiffness
behavior. FIG. 16C shows that there exists two optimum
mass ratios, one where more material 1s allocated to the
diagonal and one where there 1s more material allocated to
non-diagonals.

Referring generally to FIGS. 17A-17C, circular cross-
section results are illustrated. FIG. 17A shows the linear
elastic stiffness for the different designs as a result of varying
loading angle. All structures except for the design without
diagonal reinforcement (Design D) have the same stiffness.
FIG. 17B shows the critical buckling strain for varying
loading angle. For all angles, Design A outperforms other
diagonally reinforced designs (Design B-C). FIG. 17C
shows the results to a nonlinear simulation with circular
cross-section for a finite size structure matching that of the
experimental setup. The nonlinear simulation 1s composed
of three steps: (1) obtaining the critical buckling deformation
via a perturbation analysis; (11) applying an imperfection 1n
the shape of the critical buckling deformation onto the
geometry; (11) performing a large deformation nonlinear
simulation on the perturbed geometry. For all results pre-
sented, the geometries are constrained to in-plane deforma-
tion only. These results show that the two-diagonal benefit
persists beyond a square beam cross-section as long as
deformations are constrained to remain in-plane.

Referring generally to FIGS. 18A-18C, circular cross-
section results are 1llustrated. For each of the represented
plots, a single parameter 1s varied while maintaining the base
Design A geometry constant. The dashed vertical line 1ndi-
cates a Design A’s value for that parameter. FIG. 18A shows
the critical buckling strain for varying spacing between
diagonals. FIG. 18B shows the structural stiffness of the
geometry as the mass ratio A is varied. FIG. 18C shows the
critical buckling strain of the geometry as the mass ratio A
1s varied.

CIRCULAR CROSS-SECTION—The results presented
here complement those disclosed above and show that the
structural benefit for the Design A persists when using a
different cross-section for the structure. For varying loading
angles, 1t 1s determined that all of the diagonally reinforced
designs provide the same stiffness, but Design A consistently
provides the best resistance to buckling. For this cross-
section the findings are consistent with Design A, and as
illustrated 1n FIGS. 18A-18C, the overall behavior has
second order differences 1llustrated 1n FIG. 18A, no change
1llustrated 1n FIG. 18C, and a large difference in relative
magnitude 1llustrated 1in FIG. 18C. Furthermore, it 1s deter-
mined that by using a rectangular cross-section the mass
ratio 1s tuned to achieve an overall structure with higher
critical buckling strength.

Slender Structure Exploration

Referring generally to FIGS. 19A-19D, results 1llustrate a
bridge setting with finite element non-linear large scale
simulation. For all cases presented i FIGS. 19A-19D,
consideration 1s made to a long realization of each design
consisting of 11 cells (5.5 unmit cells). FIG. 19A shows
quantitative results for a 3-point bend test. In this case a
pomnt displacement 1s applied to the top center of the
structure while the bottom outside corners have constrained
horizontal (x) and vertical (y) displacements. The normal-
1zed reaction force 1s plotted as a function of the displace-
ment for the different geometries. FIG. 19B shows the
deformation of each geomeftry at the displacement provided
at the end of the plot. The lines 1n this plot provide a measure
of the normalized Von Misses stress of the structure. FIG.
19C shows quantitative results of a distributed load test. In
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this case a distributed load 1s applied across the top of the
structure while the bottom outside corners have constrained
x and vy displacements. The normalized total reaction force
1s plotted as a function of the displacement for the different
geometries. FIG. 19D shows the deformation of each geom-
etry at the displacement provided at the end of the plot. The
lines 1n this plot provide a measure of the normalized Von
Misses stress of the structure.

Referring generally to FIGS. 20A-20D, results 1llustrate a
cantilever beam setting with finite element non-linear large
scale simulations. For all cases presented FIGS. 20A-20D,
consideration 1s made to a long realization of each design
consisting of 11 cells (5.5 unit cells). FIG. 20A shows
quantitative results for a simple cantilever beam point bend
test. In this case a point displacement 1s applied to the
bottom right of the structure while the left edge of the
structure 1s fixed. The normalized total reaction force 1s
plotted as a function of the displacement for the diflerent
geometries. FIG. 20B shows the deformation of each geom-
etry at the displacement provided at the end of the plot. The
lines 1n this plot provide a measure of the normalized Von
Misses stress of the structure. FIG. 20C shows quantitative
results of a distributed load cantilever beam test. In this case
a distributed load 1s applied across the top of the structure
while the left edge of the structure 1s fixed. The normalized
total reaction force 1s plotted as a function of the displace-
ment for the different geometries. FIG. 20D shows the
deformation of each geometry at the displacement provided
at the end of the plot. This plot provides a measure of the
normalized Von Misses stress of the structure.

Referring to FIGS. 21A-21D, results 1llustrate a slender
structure compression setting with finite element non-linear
large scale simulations. For all cases presented FIGS. 21 A-
21D, consideration 1s made to a long realization of each
design consisting of 11 cells (5.5 unit cells). FIG. 21 A shows
quantitative results for a simple slender structure compres-
sion test. In this case a displacement 1s applied to the rnight
edge of the structure while the left edge of the structure is
fixed. The normalized total reaction force 1s plotted as a
function of the displacement for the different geometries.
FIG. 21B shows the deformation of each geometry at the
displacement provided at the end of the plot. The lines 1n this
plot provide a measure of the normalized Von Misses stress
of the structure. FIG. 21C shows quantitative results of a
distributed load throughout every level of the structure. In
this case a distributed load 1s applied across each level of the
structure while the left edge of the structure i1s fixed. The
normalized total reaction force 1s plotted as a function of the
displacement for the diflerent geometries. FIG. 21D shows
the deformation of each geometry at the displacement pro-
vided at the end of the plot. The lines 1n this plot provide a
measure of the normalized Von Misses stress of the struc-
ture.

Further Optimization Aspects

Referring to FIGS. 22A-221 and 23A-231, results are
illustrated based on an optimization algorithm that surveys
multi-dimensional design space and that chooses which set
of parameters creates the strongest design. The optimization
algorithm decides where to place each set of diagonal lines
and how much matenal should be allocated to the diagonal
lines and to the non-diagonal lines.

In FIGS. 22A-221, the optimization analysis moves sets of
diagonal beams 112, 114 apart and then back together to
show various exemplary design configurations. Specifically,
respective beams 112a, 1125 of two sets of first diagonal
beams and respective beams 114a, 1145 of two sets of
second diagonal beams move away from each other to show
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various sizes ol open spaces for a respective design con-
figuration. The change 1n position of the beams 1s helpful 1n
providing an optimal configuration for a desired application,
as a function of at least strength and weight.

In FIGS. 23A-23], instead of movement, each of a first
pair of parallel beams 112a, 11256 and a second pair of
parallel beams has a varying thickness that progressively
increases and then decreases. For brevity and clarity, refer-
ence numerals are only used 1in FIGS. 23A-231 for two of the
respective pairs, but 1t 1s understood that other pairs also
have a varying thickness, as illustrated. The change in
thickness of the beams 1s helpful in providing an optimal
configuration for a desired application, as a function of at
least strength and weight.

The analysis provided by the optimization algorithm also
increases the number of beams. The illustrated results show
that by having two diagonals, the strongest practical struc-
ture 1s achieved. Therefore, using this type of design 1s
helpiul for engineers to sustainably construct taller buildings
and longer bridges without having to use additional
resources.

Referring to FIGS. 24A-24C, 25A-25C, 26A-26C, and
27A-27C, results from four different geometries are 1llus-
trated. Each of the geometries 1s constructed with a 3x3
network, and then extruded to form a finite size structure.
Using rapid prototyping technology, such as three-dimen-
sional (3D) printing and laser cutting, realistic and precise
physical models are build resembling each of the geom-
etries. After building the physical models, a mechanical
compression device 1s placed on each physical model. As the
physical models are compressed, the resulting deformation
provide a way to measure the amount of weight that each
structure can handle before failure.

Each of these embodiments and obvious vanations
thereol 1s contemplated as falling within the spirit and scope
of the claimed imnvention, which 1s set forth 1n the following
claims. Moreover, the present concepts expressly include
any and all combinations and subcombinations of the pre-
ceding elements and aspects.

What 1s claimed 1s:

1. A structural lattice comprising;

a rectangular base defined by four periphery beams and
including two non-diagonal beams that divide the rect-
angular base into four quadrants; and

a diagonal reinforcement strut system overlaid on the
rectangular base and having at least two intersecting
sets of diagonal beams forming an open-and-closed cell
architecture;

wherein one of the two intersecting sets of diagonal
beams 1s a first set of diagonal beams, the first set of
diagonal beams including a first beam that 1s parallel to
a second beam;

wherein another one of the two intersecting sets of
diagonal beams 1s a second set of diagonal beams, the
second set of diagonal beams including a respective
first beam that 1s parallel to a respective second beam;

wherein the respective first beam and the respective
second beam are symmetrically positioned over one of
the four quadrants; and

wherein the first beam and the second beam of the first set
of diagonal beams are symmetrically positioned over a
same one of the four quadrants as the respective first
beam and the respective second beam of the second set
of diagonal beams.

2. The structural lattice of claim 1, wherein the first set of

diagonal beams intersects the second set of diagonal beams
at a perpendicular angle.
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3. The structural lattice of claim 1, wherein the rectan-
gular base and the diagonal reinforcement strut system form
a repeating sub-unit of at least a structural portion of a
building, a bridge, an aerospace structure, an automotive
structure, or a power transmission structure.

4. The structural lattice of claim 1, wherein the diagonal
reinforcement strut system 1s welded to the rectangular base.

5. The structural lattice of claim 1, wherein the four
periphery beams have a square cross-section.

6. A structural lattice comprising:

a rectangular base defined by four periphery beams and
including two non-diagonal beams that divide the rect-
angular base into four quadrants; and

a diagonal reinforcement strut system overlaid on the
rectangular base and having at least two intersecting
sets of diagonal beams forming an open-and-closed cell
architecture;

wherein at least one of the four quadrants 1s an open cell
having an equilateral octagon shape, the equilateral
octagon shape being defined by two of the four periph-
ery beams, the two non-diagonal beams, and four
beams of the at least two intersecting sets of diagonal
beams.

7. The structural lattice of claim 6, wherein one of the two

intersecting sets of diagonal beams 1s a {irst set of diagonal
beams, the first set of diagonal beams including a first beam

that 1s parallel to a second beam.
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8. The structural lattice of claim 7, wherein the first beam
and the second beam are symmetrically positioned over one
of the four quadrants.

9. The structural lattice of claim 7, wherein another one of
the two 1ntersecting sets of diagonal beams 1s a second set
of diagonal beams, the second set of diagonal beams includ-
ing a respective first beam that 1s parallel to a respective
second beam.

10. The structural lattice of claim 9, wherein the first set
of diagonal beams intersects the second set of diagonal
beams at a perpendicular angle.

11. The structural lattice of claim 9, wherein the respec-
tive first beam and the respective second beam are sym-
metrically positioned over one of the four quadrants.

12. The structural lattice of claim 6, wherein the diagonal
reinforcement strut system 1s welded to the rectangular base.

13. The structural lattice of claim 6, wherein the four
periphery beams have a square cross-section.

14. The structural lattice of claim 6, wherein the rectan-
gular base and the diagonal reinforcement strut system form
a repeating sub-umt of at least a structural portion of a
building,

a bridge, an aerospace structure, an automotive structure,

or a power transmission structure.
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